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ABSTRACT 
For n >~ the Ramsey number N(q, q; d + 1), every general n-ad in d-space has a 
comonotone q-sub-ad; for d = 2 "comonotone" becomes convex. Likewise, every 
2N(q, q; 3)-set of half-planes without parallelism or concurrence of bounding lines 
has a q-subset that consists either of the defining half-planes of an unbounded convex 
polyhedral set or of the complementary half-planes. 
1. GENERAL AND CONVEX FINITE SETS 
A point in real affine d-space, d ~> 1, (or affine d-space over an ordered 
field) will be represented by its d coordinates, preceded by a 1. A q-ad 
xl  ..... xq (q >~ 1) is represented by the corresponding q by d § 1 matrix, 
called the augmented matrix. The determinant of  the augmented matrix 
of  a (d + 1)-sub-ad xk ~ ..... xk,(ko < "'" < ka) is called an augmented 
minor of the q-ad. 
A q-set (set of  q points), q ~ d -5 1, is general if no (d § 1)-subset is on 
a hyperplane, i.e., if no augmented minor vanishes. The number of  inde- 
pendent linear relations between the rows of the augmented matrix of  a 
general q-set is q --  d --  1. 
A general q-set is in convex position or convex (because of the finite 
cardinality no ambiguity arises) if its points are the vertices of a convex 
polyhedron. In particular, each (d q- 1)-set not on a hyperplane is convex: 
its points are the vertices of  a d-simplex. 
A general q-set is either convex, or one of the points lies in the interior 
o f  a simplex whose vertices are points of  the q-set. Hence a general q-set 
is convex if and only if every (d q- 2)-subset is convex. 
Obviously a general (d q- 2)-set is not convex if and only if the coeffi- 
cients of  the linear relation between the rows of its augmented matrix are 
all of the same sign but one. 
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It is easy to show (e.g. [3, w that for d ~> 2 every general (d + 3)-set 
has a convex (d + 2)-subset. 
2. COMONOTONE FINITE ADS 
A general q-ad is positively (negatively) comonotone [2] or simply 
positive (negative) if all its augmented minors are positive (negative). It can 
be shown that a general q-ad xl ..... xq is comonotone if and only if the 
polygonal ine consisting of the segments xlx~, x~xa ..... x~_lx q has, with 
every hyperplane that contains none of these segments, at most d points 
in common (counting multiplicities if d ---- 1). 
If xl ..... xq is comonotone, so is xq ..... x~; the sign is the same if and 
only if d ~ --1 or 0 mod 4. 
I f  d is even and if a q-ad is comonotone, so are its q cyclic permutes; the 
sign is the same. 
It can be shown [3, w that a comonotone q-ad, q ~> d + 3, has no 
other comonotone permutes than those just mentioned. 
The coefficients of the linear relation between the rows of the augmented 
matrix of a comonotone (d q- 2)-ad are alternatingly positive and negative. 
By the last remark but one of Section 2, a comonotone (d q- 2)-ad is 
therefore convex if d /> 2. 
We see that for d /> 2 a comonotone q-ad is convex. The converse--a 
convex q-set has a comonotone q-ad--holds only for d ~< 2, for q = d + 1, 
and for d ---- 3, q = 5 [3, w167 and 6]. 
3. GEOMETRIC BOUNDS AND RAMSEY NUMBERS 
Let N~(q, d) be the smallest number n such that every general n-set in 
d-space has a convex q-subset; if no such n exists we set Na(q, d) = oo. 
With the same proviso, let N2(q, d) be the least n such that every general 
n-set in d-space has a q-subset, one of whose q-ads is comonotone; let 
N3(q, d) be the least n such that every general n-ad x~, x2 ..... x, in d- 
space, for which a linear function I exists such that l(x~) < ... < l(x,~), 
has a comonotone q-sub-ad, and let N4(q, d) be the least n such that 
every general n-ad in d-space has a comonotone q-sub-ad. 
Then obviously 
Nl(q, d) <~ N2(q, d) < N3(q, d) <~ N4(q, d), 
where Na( q, d) is to be omitted for d = 1. 
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Ramsey's theorem (e.g. [4, p. 39]) states that N(q~ ,..., qt; r) < m for 
ql >~ r ..... q~ ~> r, where N(qx ..... q~; r) denotes the least n such that if, 
for each j = 1 ..... t, the set At of r-sets does not contain all r-sets of any 
q~-set, hen the union Ax ... At does not contain all r-sets of any n-set. 
Given a general n-set, let Aa be the setof its convex (d § 2)-subsets, and 
As be the set of its nonconvex (d q- 2)-subsets. Using the last remark of 
Section 2 we obtain 
THEOREM 1. Nl(q, d) <~ N(q, d q- 3 ; d + 2) for q >~ d + 2, d ~> 2. 
This is known (e.g. [4, p. 44]) for d = 2 and probably also for d > 2. 
On the other hand, given a general n-ad, let A1 be the set of its positive 
(d + 2)-sub-ads and As the set of its negative (d + 2)-sub-ads. Then we 
have 
THEOREM 2. N4(q, d) <~ N(q, q; d q- 1)for q >1 d + l, d >1 1. 
Indeed, for n >~ N(q, q; d + 1) either A1 or As must contain all (d + 2)- 
sub-ads of some q-sub-ad of the given n-ad. 
Note that for q ~> d + 3 the only known bound for N(q, d § 3; d + 2), 
namely 
N(N(q -- 1, d+ 3;d  + 2) ,q ;d  +1)  -k 1, 
is larger than N(q, q; d + 1). 
We have N1(4, 2) = N~(4, 2) = 5, but 
6 ~< N3(4, 2) ~< N4(4, 2) ~< N(4, 4; 3) ~< N(4, 4; 2) + I ---- 19. 
The inequality 5 < N8(4, 2) follows, e.g., by inspection of the 5-ad 
(0, 0), (1, 5), (2, 0), (3, 2), (4, 1). 
In fact [1], 
Nz(q, 2) (2q -- 4] 
=\q_21  +1.  
5. SETS OF HALF-PLANES 
The half-space T0 + ~x~l + "'" + ~la~a >~ 0 is represented by To ..... ~a 9 
A q-ad of halfspaces i represented by a q + 1 by d + 1 matrix, whose 
first row is 1, 0 ..... 0 and whose other rows represent the half-spaces; this 
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matrix is called the augmented matrix. The determinant of a submatrix 
consisting of d § 1 rows of the augmented matrix, in the given order, is 
called an augmented minor of the q-ad. 
A q-set of half-spaces, q ~ d, is general if no (d + 1)-subset of the set 
of bounding hyperplanes and the hyperplane at infinity is concurrent, i.e., 
if no augmented minor vanishes. 
The bounding hyperplanes of a general (d + 1)-set define a simplex. 
The (d § 1)-set is of type k, k ---- 0 ..... d q- 1, if the number of half-spaces 
containing the simplex is k. 
We treat only the case d = 2. It is easy to see that the four 3-subsets of 
a general 4-set cannot be all of type 0 or 3. Hence, every general 
N(q, q, 4, 4; 3)-set has a q-subset whose 3-subsets are either all of type 1 
or all of type 2. But we have the presumably stronger bound: 
THEOREM 3. Every general 2N(q, q; 3)-set of half-planes has a q-subset 
whose 3-subsets are either all of type 1 or all of type 2. 
PROOF: Of the 2N(q, q; 3) directions of the inner normals of the half- 
planes, considered as points on a unit circle, no two coincide or are 
opposite. Hence, some N(q, q; 3) points lie on a semicircle. Any three of 
these correspond to a subset of type 1 or 2, and the contention follows at 
once. 
Note that a general q-subset, all of whose 3-subsets are of type 2, 
consists of the defining half-planes of an unbounded convex 2-polytope, 
while for type 1 it consists of the complementary half-planes. 
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